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SURFACES WITH ISOTHERMAL REPRESENTATION OF THEIR LINES 
OF CURVATURE AND THEIR TRANSFORMATIONS* 

BY 

LUTHER PFAHLER EISENHART 
Introduction. 

In 1897 THYBAUTf showed that minimal surfaces admit of transformations 
which are very similar to the BaCKLUNB transformations of pseudospherical 
surfaces. The given minimal surface S and the transform Si are the focal 
sheets of a Incongruence. This transformation is such that the minimal sur- 
faces S and S^ adjoint to /.V and S^ respectively are the sheets of an envelope 
of spheres whose centers lie on a surface applicable to a paraboloid of revolu- 
tion, by the theorem of Guichakd. Darboux^ and Bianchi§ have considered 
the pairs of isothermic surfaces which are at the same time in conformal corre- 
spondence and form the envelope of a family of spheres, and have thus estab- 
lished a transformation from a given isothermic surface to another isothermic 
surface which together form such a pair. BiANCHi has shown that these trans- 
formations admit of a theorem of permutability very similar to the theorem of 
this kind which obtains for the BaCKLUND transformations. 

In the present paper we shall show that there is a transformation of sxirfaces 
with isothermal spherical representation of their lines of curvature, changing 
such a surface into one of the same kind. When in particular the given surface 
is minimal its transform is minimal and the surfaces are in the relation of S and 
S^ mentioned above. 

It is known that if tangents be drawn to a surface and perpendicular to the 
direction of an infinitesimal deformation of the surface, these tangents form a 
TF-congruenee for which the given surface is one of the focal sheets. If the 
given surface be minimal and it be required that the lines of curvature corre- 
spond on the two surfaces, the second focal surface also is a minimal surface. 

* Presented to the Society April 27, 1907. Received for publication May 3, 1907. 

f Sur la deformation du paraboloide, etc., Annales de 1' Ecole Normale (3), vol. 14 (1897), 
pp. 45-96. 

X Sur les surf aces isothermigues, Annales del' Ecole Normale (3), vol. 16 (1899), pp. 491- 
508. 

% Ricerche sulk superficie isoterme e sulla deformazione delle quadriehe, Annali di Matematica 
(3), vol. 11 (1905), pp. 93-157. 
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In this way we get the Thtbaut transformations of minimal surfaces and 
obtain the equations of condition on two functions w and <)> and a constant m , 
which determine the transformation. The relation between the two surfaces 
being perfectly reciprocal, the first is a transform of the second and the trans- 
formation functions are expressible simply in terms of m , <^ , w . 

We have remarked that the minimal surfaces S and ^,, adjoint to the 
minimal surfaces E and S^ which are Thtbaut transforms of one another, are 
the sheets of an envelope of spheres whose centers lie on a surface applicable to 
a paraboloid of revolution. By means of a theorem of MouTARD we show in 
§ 4 that with each surface whose lines of curvature have isothermal spherical 
representation there are associated oo* surfaces of the same kind, each of which 
forms with the given one the envelope of a family of spheres depending upon 
two parameters. The determination of these new surfaces is the same problem 
as finding the functions m, (f), w oi a Thybaut transformation and quadra- 
tures. We call the surfaces under discussion the surfaces 2 . 

The transformations which we have discovered possess the following theorem 
of permntability : If a surface 2 he transformed into two surfaces 2^ and 2^ 
of the same kind hy means of transformations involving the constants w, and 
m^ res2')ectively, there exists a surface 2' which is the transform of 2j and 2^ 
hy means of transformations involving m^ and m^ respectively ; and this sur- 
face can he found without quadrature. 

We shall say that these four surfaces 2 , 2j , 2^ , 2' form a quatern. These 
transformations of the surfaces 2 carry with them a transformation of the sur- 
faces of centers of the spheres enveloped by the several pairs of surfaces 2 ; and 
these latter transformations evidently possess a theorem of permutability similar 
to the above. In § 7 it is shown that if four surfaces 2, 2^, 2^, 2', form a 
quatern involving the constants m^, m^, each can be transformed by means of a 
transformation involving a third constant m^ in such a way that the four new 
surfaces also form a quatern. 

In § 8 we call attention to the fact that surfaces with plane lines of curvature 
in both systems are surfaces 2 and show that the determination of their trans- 
formations reduces to quadratures. When these transforms also have plane 
lines of curvature in both systems, the surfaces of centers of the spheres 
enveloped by pairs of them are surfaces of translation whose generators are in 
perpendicular planes. Moreover, the cyclides of DupiN play an important role 
in the theory. 

We close with a discussion of the surfaces 2 with spherical lines of curvature 
in one system. In particular, we find that when the curves v = const, of a 
minimal surface are spherical there can be found by quadratures an infinity of 
surfaces 2 for which the curves v = const, are spherical and another infinity for 
which the curves u = const, are spherical. 
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§ 1. Transformation of Thyhaut. 
Let /S' be a minimal surface referred to its lines of curvature, and let the 
parameters be so chosen that the linear element of the surface and of its 
spherical representation can be written * 

(1) ds^=e''{du''-\-dv'), 
and 

(2) <7/ = e-'^((?M' + cZtj') 

respectively. Now ^ is a solution of the equation 



(3) ^^ + .^=«-"- 






Moreover, every solution of this equation gives a minimal surface. 

From (1) and (2) it follows that the second fundamental coefficients of the 
surface are 
(4) Z>=-Z>"=-1, i)' = 0. 

Denote by X^, J^j, Z^ ; X^^ Y^, Z^\ JT, Y, Z; the direction cosines of the 
tangents to the curves v = const., u = const, on the surface and of its normal. 
Thus 

From these are found readily f 

and similar expressions in the T'and Z . 

The minimal surface S adjoint to S is given by quadratures of the form J 

dx dx dx dx 

^ ' du dv ' dv du ' 

The linear element of S and of its spherical representation are the same as for 
S and the second fundamental coefficients have the values 

(8) 3 = i)" = o, 3=1. 

Hence the parametric curves on S are its asymptotic lines. 

* BlANCHi, Lezioni, II, p. 335. 

flbid., I, p. 123 ; German translation, p. 94. 

t Ibid., II, p. 336. 



152 L. p. EISENHAET: ISOTHERMAL REPRESENTATION [April 

Denote by w the characteristic function in an infinitesimal deformation of S; 
then w is any solution of the equation 

d^w dddw dddw 

^ ' dudv dv du du dv 

The direction-cosines of the direction of deformation of S are proportional to the 
coordinates, x^,y^,z^,oi a surface S^. When a solution w of equation (9) is 
known, these coordinates are given by the quadratures! 

(10) ^^• = ..(»X,-..?,-x), ^^"=e.(»X, + ..^jA-). 

If lines be drawn tangent to S and perpendicular to the direction of the 
infinitesimal deformation of ,6', tliey form a TF-congruence, for which S \b one 
of the focal sheets. Moreover, this is a general construction for TF-congruences. \ 

Denote by a> the angle which the line so drawn at a point of S makes with 
the tangent to the curve v = const, at the point ; then 



Sa;j,( A''j cos <» + ^^ sin «) = , 



or 



(11) cos (o : sin a = Scc^ X^ : — Sa;,, X, . 

We shall put this result in a more suitable form. 
We introduce the function T defined by 

(12) r=sxc«„, 

and in accordance with equation (9) we put 



(13) 



du du ' dv dv 



From (12) we get by differentiation 

dT dyjr dT d-4r 

It is readily found that 

|^(e«2x„XJ=|^(e''-2^„X,). 

In consequence of this equation we define a function <^ so that 
(15) ^ = me* 2.r,, X, , -_,- = me* 2a;„ X, , 



*Ibid., II, p. 7 ; German translation, p. 291. 

t Ibid., p. 6 ; German translation, p. 290. 

J Ibid., II, pp. 52, 53 ; German translation, p. 316. 
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wliei-e m is an arbitrary constant. With the help of (6) and (10) the second 
differential coefficients of ^ are reducible ta 

d"-^ de dd) d6d(f> ^ 

.r-» = ^r— A " -^ mT4- m^w , 

du cu cu cv ov 

^ ' dudv dv du du Bv' 

d^^ dd d(j> SOd^ ^^ 

dv'' du du dv dv 

We return to the consideration of the congruence of tangents to S. The 
coordinates of a point on the tangent at the point (x, y, ») are, in consequence 
of (11) and (15), of the form 

where X is a function of u and v . Differentiating with respect to u and v, we 
get 

dx X dd> e-^/d(h d<h \dX 

du '- ^ /J 2 m dv m \dv ^ du ^J du 

(18) 

-' ^\ e-'\T-eHl-\^o)^X -e-^'^ ^^- X+''~' (^'^ X -^-^-xY^. 
dv '- ^ / J 1 m du m,\dv^du'^}dv 

We denote by S^ the second focal sheet of the above congruence and proceed 
to find the value of X, in order that the coordinates of S^ be given by (17). 
Also we denote by X', Y', Z ' the direction-cosines of the normal to S^ . They 
are of the form 

(19) X^aX+h(^^X,+'^^X,), 

where a and h are functions of u and v such that 

2X'-f'=0, ^x'^-^^0. 
du dv 

These equations reduce to 

6-2" - t'^a - [e-»xr+ en 1 - Xw)] -^.^6 = 0, 
m dv '- ^ ^ -' dv 

(20) 

e-2«- t'^a- re-«xr-e»(l-X?«)] f^ 6 = . 
m du '- ^ ' -^ du 

Trans. Am. Math. Soc. 11 
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When S is not a surface of revolution, that is when ^ is a function of both u 
and I', the function <f> also is a function of both u and v.* 

It will be found later that for the cases to be considered the function a is 
always different from zero. 

Eliminating a and b from equations (20), we get X = 1/iv, so that the coor- 
dinates of the second focal sheet are of the form 

^ ^ '^~ mw \dv ^ ^ dii ^ ^ J 

Now equations (18) become 

^1 = _ ^ 1^ ''r X +6-4-4- — - ^^ ^-^ X - e-^" ^^ ^"^ X 
'u mw^ dv du ' \w mw"^ du du J ^ mw dv ' 



(22) 



dx 
dv 



' = e-4-- \ ^ ^ ^--\ X +'~' ^'^^ -- X - e-"-' ^ - ^^ X. 
\v} mto^ dv dv J ' mw^ du dv ^ niiv du 



Since the congruence is a TF-congruence, the parametric lines on ,iS', are 
asymptotic. Hence the necessary and sufficient condition that S^ be a minimal 
surface is that these lines be orthogonal. We shall limit our discussion to 
TF-congruences of this kind.f 
From (22) it follows that the condition of orthogonality reduces to 

dwdwf^d^Y f^Xl M-mT^r^-^"' -^*^^'*l+e-^''M2^*^^*^-0 
du dv Wdu J \5v ) } i^du dv dv du ] du dv ~ 

Since w is a function of both u and «,| we can replace this equation by 

' d(f) d(f) 1 d(f> d(f> 

V /'dSy /5<f)\n _ du dv ,du "dv 

' [[Bu)+[d^)\ + ^-^^ df + df -^d^j^d^-'^ 

_ du dv J du dv 

where -^ is given by (13). 

If we define a function w by 

(^ = i|r -j- w 

*For, if B(pldu = 0, it follows from (15) that Isc^X^ ^0. DiiJerentiate with respect to v ; 
this gives ZXf,X.^ = 0, since dO/du. 4= 0. Hence Id/X^ j/,,/ i'= ^ol^~- P< where p is a factor of 
proportionality. If a:,), % and Zf, be replaced by these values in equations (10) and similar 
equations in y„ and e,,, we are brought to a set of inconsistent equations. Hence ^ is a function 
of both M and v . 

fFrom (19) it is seen that when a = the normals to Sand S^ are perpendicular, so that the 
congruence is normal. But the condition that /S, be minimal as well as S carries with it the 
correspondence of the lines of curvature on the two surfaces. However, the lines of curvature 
correspond on the two local sheets of a normal JF-congruence only when these sheets are pseudo- 
spherical (BlANCHi, I, p. 283 ; German translation, p. 244). Hence a + 0. 

t As we have excluded the case where 6 is a function of « or ^ alone, it is seen from (9) that w 
is a constant if it is not a function of both u and v. 



[Giy+Gi)i+2'""^-"^+'^H 
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and substitute this expression in the above equation, it becomes 

' dw dw^ 
8u dv 

du dv 

' dw dw dw dw'' 
du dv du dv 
dyjr'^dyjr'^ d^^ 1=0. 
du dv du dv 

If this equation be differentiated with respect to w and v and we make use of 
equations (13) and (16), we find that in each case the resulting equation can be 
made to vanish identically by taking w constant. Now the above equation of 
condition reduces to 

and from (13) it follows that 

^ ^ du du'' dv dv 

In consequence of these equations and (16), equations (14) can be written in 

the form 

dT dw d4> dT dw d^ 

du du du^ dv dv dv 

Thus far the function <f> has been defined only to within an additive constant, 

hence in all generality we can write the integral of the above equations in the 

form 

(24) mT=w — mcj). 

Now equations (16) and (23) assume the fundamental forms 

d',f> dedcf> ded<f> , ,, , , 

du' du du dv dv -r ' 

,j^. a^^ ded4> ddd(f) 

dudv dv du du dv 

d^<l> ddd^ dddcl> ,^ 

~d¥ = - du du + dv -dv + "^' '^-«i4> + w. 

Moreover equations (20) reduce to 



a = e'm 



Tb. 
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Substituting in (19) and expressing the condition 

we get 

¥e^^m^4>^ = 1 . 

From (18) it is found that we must take 

6 ^ — e^^ Imcj) , 
so that (19) becomes 

From (22) we find for the linear element of S^ 

(26) dsl = e-2» ^2 (cZm^ + dv^) ; 

and consequently the linear element of its spherical representation is 

(27) ds[ = e^« V2 {<iu^ + dv^) . 

The transformation (21) from the surface /^ to the second minimal surface Si 
was discovered by Thybaut.* By retracing the steps in the foregoing develop- 
ment it is readily shown that eve7'y pair of /'unctions (f>, w satisfying the funda- 
mental equations [A), (B), (C), determine a transformation of Thybaut. 

Denote by S^ the adjoint minimal surface of /S^; its coordinates are given by 

^o ' ' dv du w ^ ^ ' 

X' = [-^ ("-^ Y- 1 1 X + "^ ^ ^-^ X + '-'- ^^ X 

' \^m4>w\du ) J ' m<l>w du dv ^ m4> du ' 



(28) 


5a3j dx^ 
du ~ dv ~ 


where 





(29) 



X' = - — ~ ^^ X + [l -^(^^X^X- "- ^X. 
m<f>w du dv ' [_ m^io \dv J ^ ^ m(f> dv 



2 



As thus defined the functions Xj', T",', ^J ; X^', J^^'^ ■^2' ^^® *^® direction- 
cosines of the tangents to the curves v = const., u = const., respectively, on S^ . 

In consequence of equations (7) we can write the integral of equations (28) 

in the form 

1 re-« dS e-' d(f> ~\ 

(30) Xi = x--\ . ^ X + - - /- X, + X . 

^ ■' ' m \_ w du '^ w dv -^ J 

This equation and similar ones for y, and z^ define the transformation from 

* Sur la deformation du paraboloide et sur qmlqv,es problimes qui s'y rattachenl. Annales de 
I'Ecole Normale, ser. 3, vol. 14 (1897), p. 45. 
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S to /Sj which is entirely complementary to the Thtbaut transformation of 
their adjoint surfaces S and S^ . 

Referring to equations (25), we see that equation (30) can be written in 
the form 

(30') x,-^X' = x-^X. 

Hence the normals to S and S^ at corresponding points M, M^ , meet in a point 
J/j, which is distant <^/w; from M and M^ . Therefore the surfaces S and S^ 
are the sheets of the envelope of the spheres of radius <^jw whose centers are 
on the surface which is the locus of 31^ . It can be shown that the latter surface 
is applicable to a paraboloid of revolution.* 

§ 2. Inverse transformation of Thyhaut. 

Since 8 and 8.^ are the focal sheets of a congruence the relation between 
them is entirely reciprocal so that there is a Thybaut transformation from the 
latter into the former. We denote the transformation functions by ^^ , w^, m^ 
and seek their form. 

The equations of transformation are of the form 

x^x + '^C^X'-'^X^ 
' m^wjj \ dv ^ du ^ / ' 

where, in consequence of (27), 

9 
Replacing x^, X^, X^ by their values from (21) and (29), we get an equation 
of the form 

AX^ + BX,+ CX=0, 

where A, B, C are determinate functions of the above quantities. Since the 
same relation holds for l^and Z, these functions must vanish identically. This 
gives the three equations 

1 a.^ 1 r 1 /a.^Y c^a^l^"^- . ^ dcf> dcf> B<f>,_^ 

mw 8v m,j^w^<f>\_m<f) \du J J dv mm^w^<f>^ du dv du ' 



1 d^ 1 d^d^d^^ 

mw du m,m^w^<j>'^ du dv dv ^ m 



™„, ».. J.2 p„ p,, p,, '^^to^<f>\_m^\ dv J J du ' 

du dv dv du 



We replace the last equation by 



d<j>^ d(f> d(f)^ d<f> 

du " du'' dv " dv'' 



* BiANCHi, II, p. 333. 
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and find by substitution that the first two equations are satisfied if 

' rmo 

Hence 



But <^j and w^ must satisfy equations of the form (^), which are for the 
present case 

/32) ^1 = e--' ^ ^1 ^-1 = _ e-^" ^ — i . 

^ "' du w^ du ' 8v w^ 5w 

Subtracting these equations from (31), we get 

du m(f> du ' dv ni<f) dv ' 

of which the integral is 



/1\!!11 



with a particular choice of the constant of integration which has no effect upon 
the generality of the solution. 
Now equations (31) reduce to 



(33) V-' = ^ J , ) « e-^« /- , P ■ H T "' < 

'^ '' du, mw \<p J du dv mw \<p J 



The functions <f>^ and w^ must satisfy equations of the form [B). The second 
of these is 

^^!iL = i^ log f e-^ V'^^ + -" lo Je- ^ V^^ 

du dv dv \ w j du du ^\ w J dv 

When the values from (33) are substituted in this equation, it reduces to 
771^ = m. Consequently by means of (^4) equations (33) can be reduced to 



^A^ 


1 dw 


d<f>^ 


1 dw 


du 


w^ du ' 


dv 


w^ dv 



Hence the functions determining the transformation from S^ into S are given by 
(34) *^i = w' ■^• = <^' ^1 = ^- 

§ 3. The associate surfaces 2^. 

Equation (9) is the tangential equation of the surfaces with the same spherical 
representation of their lines of curvature as S. Each solution W of this 
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equation determines such a surface. We call them surfaces S . The function 
W gives the distance from the origin to the tangent plane and the rectangular 
coordinates (^ , -q, f ) are of the form * 

or in consequence of (6), 

fdW dW \ 

(35) | = irX+e«(-^^-X,- .^^-X,). 

These surfaces 2 are evidently associate to S, for the lines of curvature of the 
former have the same representation as the asymptotic lines of the latter. 

Since the function w of a Thtbaut transformation of /S' is a solution of 
equation (9), every transformation of this kind carries with it the determination 
of a surface associate to S. We denote this surface by S,, and by 2q the square 
of the distance from a point on ^^ to the origin. From (35), [A) and (C) we get 

25' == 27n<pw . 

Denoting by ^o_.^ the second derived covariants of the function w with respect to 
the linear element of the spherical representation of S we get from (A) and (B) 

8^w 66 dw 86 dw 

^n = a,,. + a„ s^ - av -dv = "'^ + '~ (^""^ - "')' 

d'^w 3 6 dw 86 dw 
2^ 8v Bu 8u 8v 8v \ -r j 

The sum of the radii of principal curvature of S^ has the value f 

Pi + P2= e^* (Wji + W22) + 2w = 2?n(^ , 

so that the above equation can be written 

(36) 2q={p, + p,)w. 

§ 4. General transformations of surfaces 2. 

MOUTARD has established the following theorem : \ Given two solutions 
•<|f J , 1^2 ? <^f ^^ equation of the form 

the equations 

(38) a'.(^.t:) = tri(|;), |;(t.^:)=-^^i(|;)' 

* BlANCHi, Lezioni, I, p. 173 ; German translation, p. 141. 
tBiANCHi, Lezioni, I, p. 173 ; German translation, p. 141. 
tibid., II, p. 69. 
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are consistent, and the function i|f J thus defined is such that 

By means of this theorem we shall establish a transformation of a surface 2 into 
a surface '2^ with the same spherical representation of its lines of curvature as a 
transform S^oi S. 

If we put 
(40) w = e'^yjr, 

equation (9) becomes 



^'f „-e ^' 



Ul) — i- = e-* i/r, 

^ ' dudv dudv 

which evidently is of the form (37). 

Suppose now that we have given a surface S determined by a solution W of 
equation (9) and a pair of functions <f>,w, giving a Thybaut transformation of 
S. Hence two solutions of (41) are 

Equations (38) reduce to 

d d fW\ d d /W\ 

(42) ^-(e««,^;) = e-«,^^(^), ^i^^f[) = -e^^^^(^) 

and the corresponding equation (39) is 

^ ' dudv dudv \ w ) ^' 

The tangential equation of the surfaces 2^ is evidently 

(44) ^^i^-lwfe^"^^^- Uo^ie^^'Y-^^^^ 

^ ' dudv dv " \ <^ J du du ° \ <(> J dv 



If we put 






the equation for yjr^ reduces to (43), in consequence of equations [A) and (C). 
Hence the function TFj, determined by the quadratures 

d d /W\ d d /W\ 

(45) ^,(<^Trj = -e-.V^-^^-), ^^(<^Tr,) = e-.-^(^^-), 

is a solution of equation (44). 

The surface whose coordinates are of the form 

S rdW, dW. \ 

(46) ^, = Tr.x' + e-J(-,^-^x;_^'x;) 
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is therefore associate to the transform S^ of S by means of the functions (f), w. 
If the expressions for ^', X[, X'^, given by (25) and (29) and of dW^/du, 
dWi/dv, be substituted in (46), it can be reduced to the form 

(47) f, = | + (X'-X)i?, 
where we have put 

1 r /dWdtbdWdibX 1 

(48) Ii=^[m^W, + [^^-;--^^)-Wim4>-.)\. 

From (47) it is evident that the surfaces S and 2j are the sheets of the 
envelopes of spheres of radius JR whose centers lie on the surface 2 defined by 

<49) l = ^-IiX, rj = r,-RY, t=i-EZ. 

From these expressions we get by differentiation 

a| dR af BR 



where we have put for the sake of brevity 

d'^W 30 dW d6 
dv? du du dv dv 



^=^;?+t^^^-ir^.('r-^,.-, 



<4i)-) 



dv' du du dv dv ^ ' 



But it is readily found from (48) that 

dR_Ad^ dR_ Bd^ 

du w du'' dv w dv' 

so that the above equations can be written 

^ ^ du~ \ ^ w du J' dv ~ \ ^ w dv J ' 

From these expressions and similar ones for v and f we find that the direction- 
cosines of the normal to the surface 2 are of the form 

As defined, a surface 2 is the locus of the centers of spheres whose envelope 
consists of a surface 2 and its transform by means of a set of functions m,w, (j). 
Since the expression (51) for ^involves only the latter functions, all the trans- 
forms, by means of these functions, of the surfaces 2 correspond with parallelism 
of tangent planes. And furthermore it follows from (50) that the tangents to 
the parametric curves on these surfaces 2 are parallel ; hence the parametric 
curves form a conjugate system. 
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§ 5. Special cases. 

We have seen that the minimal surfaces S and S^ are the sheets of the 
envelope of a family of spheres. Now we shall show that this transformation 
is the same as that just given for any surface 2 . 

From (30) and (25) we get 

/ 10 \ e-^ r d<h d<hl 1 

(52) TF, = ^x^X' =(l---)W- -T 2xX -/ + SxX / + . 

If we differentiate the equation 

W=1.xX, 
we get 





dW 
du 


= c-«Sa;X, 


dW 


■■ — e~ 


"Sxa;. 


When these values are 


substituted 


in (52) and 


(48), 


we 


have 








w 









in which case equations (47) reduce to (30'). Hence /S'j is the transform of S 
in the sense of the generalized transformation of any surface 2 . 

Let us now apply this transformation to the surface 2^, that is, we have 
W=rv. From (45) it is seen that Wj(f> is constant. Taking W^ = 1/^ we 
get, as we have seen before, the surface 2,^ which determines the inverse 
Thtbaut transformation from iS^ into S. Now from (48) we have 

From (34) it is seen that this expression may be written 

which puts in evidence the reciprocal character of the transformation. 

In consequence of equations (^A) equations (45) can be written in the form 

^ du ou ^ ' ^ du 

(45') 

From this it is seen that if W^ and W are any functions satisfying this equation, 
so also are IFj + a and W + a for all values of the constant a . Hence siir- 
Jaces parallel to a given surface 2 are tra^isformed into surfaces parallel to 
2j and at the same distance. 
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Suppose we have two solutions W and W of equation (9) and that the cor- 
responding solutions of (45') are denoted by W^ and W[ . It is evident that 
aW + hW is a solution of equation (9) for all values of the constants a, h, 
and the corresponding solution of (45') is aW^ + h W[ ■ Hence the locus of a 
2)oint dividing in constant ratio the join of corresponding points on two sur- 
faces 2, S' is a surface of the same kind. And the transform of this locus 
hy means of the functions m., <p, lo, divides in the same ratio the join of corre- 
sponding points of the transforms of 2 and 2' hy means of the same f mictions. 

When in particular W is w , then W^ is 1 /(f> as we have seen. From this we 
remark that by varying the constant of integration obtained from the quad- 
ratures (45), we get the surfaces which divide in constant ratio the joins of 
corresponding points on the surface for which the constant is zero, and the 
surface 2jg previously defined. 

§ 6. Theorem of per mutability. 

There is a theorem of permutability for the transformations of Thybaut very 
similar to the theorem of permutability of the Backlund transformations, as 
discovered by Bianchi. It is as follows : Given two transforms S^ and S^ of 
a minimal surface S by means of transformations involving respective constants 
mp 7n.^; there exists a minimal surface S' which is the Thybaut transform of 
y^j and A'2 by means of transformations involving the same constants in 
inverse order. 

This theorem is a direct result of a more general theorem due to Bianchi.* 
Instead of considering the surfaces S, S^, S^, we take their adjoints B, S^, S^. 
We have seen that /S and S^ are sheets of an envelope of spheres whose centers 
lie on a surface ; and the same is true of S and S^ • Darboux has considered 
pairs of surfaces which are the sheets of an envelope of spheres in such a way 
that the two sheets are represented conformally upon one another ; he has found 
that both the surfaces are isothermic and their lines of curvature correspond. 
Bianchi * has made a profound study of these transformations of one iso- 
thermic surface into another and has denoted such a transformation by D^^, 
thus putting in evidence the constant m which appears in the equations. He 
has established a theorem of permutability of these transformations which leads 
to the theorem stated above. We shall write down the results of his investiga- 
tion for the case where the given isothermal surface is minimal and refer the 
reader to his memoir for their derivation. 

The surfaces S^ and S.^ are defined by equations of the form (30), when the 
functions m, (j>, w are replaced by m^, (^,, tv^ and m^, ^j, w^ successively. In 
like manner transforms S' and S" of S^ and S^ respectively are defined by 



* Micerche sulk miperfieie isoterme, etc., loo. cit. 
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equations of the form 

' m^l^ w[ du ^ w[ dv ^ J ' 

1 re-*2 dS' e-*2 d<b' 1 

From (27) it follows that 

(53) e-«i = e«^', e-''==e«x'; 

and A7", X^'\.X^'^; Xf\ Xf, X(^>; are given by (25) and (29) when 
<f), w, m are replaced by (j>^, w^, m^ and ^^, w^, m^ respectively. 
BiANCHi shows * that S' and S" coincide when 

< = ^ + (Wj - mjw„ <^; = -i + (m, - mj(^„ 

•where 



(55) 






Moreover, the above functions satisfy fundamental equations for S^ and S^ 
similar to (A), (B), (C) for S. 

From (21) it follows that the Thybaut transform of /S'j by means of the above 
functions is defined by equations of the form 



X ='X, -\ 

1 ,V1T 



w^ \ dv ^ du ^ J 
By means of (53) we get 

ddi', <^, dd), d(i>„ 

e-«. -/' = - -^- -■- e-« P' -{m,- m^ ) e"* /? , 



(56) 



e-»i -. r 1 = ^ e-» -^' + ( m„ -m.)e 






*Loc. cit., p. 119. It must be remarked that BiANCHi has put 'i=e~^(d<!'/du), fi=e~^{d(p/dv) 
to reduce his formulae to the form, p. 119, and that his function a reduces to w when S is minimal. 
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Hence the above equation can be reduced to 



m„ — m. 



^=^ + -::^^:r,^j're-'\[{m,4>,-w,)^-^-{m,4>,-w,)^^'^X, 



(57) - \^(rn^<j>^ - w^)~^^ - (m^^, - w^)-^^ J A^ 



\ dv du du dv 



H 



From (54) and (55) it follows that 



Hence the right-hand member of equation (57) is symmetrical with respect to 
the sets of functions ni^ , (f>^, w^•, m^, (j>^, w^ . Consequently S' is also the trans- 
form of ^^2 by means of the functions m^, (f>'^, w'^. 

It follows from (57) that /S and S' coincide when m^ = m^ and only in this 
case. 

We sJiall now show that the theorem of permutability of Thybaut trans- 
formations, as just derived, can be extended to the transformations, which we 
have found, of surfaces with the same spherical representation of their lines of 
curvatvire as S. 

Given a surface 2 and as before denote by W the distance from the origin of 
its tangent plane. By means of the functions (ni^, (j>^, u\) and (ni^, 02' '"2) ^® 
transform 2 into 2j and Sj respectively. Denote by TFj and W^ the distances 
of the tangent planes of these respective surfaces from the origin ; these functions 
are given by the quadratures (45) 

d d / W\ d d /W\ 

(58) ,„(<^.Tr,) = -e-.--^(--^j, -a.('^^^.) = e-.--(-^). 

By means of the functions {m^, (f>[, w[ ) and {m^, (f>'^, Wj), given by (54) the 
surfaces 2^ and 2^ can be transformed into surfaces with the same representation 
of their lines of curvature as S'. We shall show that the two new surfaces 
coincide. 

In order that this may be true the function W, representing the distance 
from the origin to the tangent plane to 2', must satisfy the four equations 

(e«) ^(*;^) = -.-«»r|(!;;). ^(*:ir') = .»«»;-^(|p). 
(61) |,(*;,r') = -,-.*>;l(5). J^(,;,r') = e^»^<^(f ). 
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Similar to equations (^) we have the set 

86'. ^^(klduj'. dd>'. „^<b^. Dw'. 

Jljl = e~^*^' -' -^ = — e~ *~-' ' (i = l 2) . 

du w\ du ' dv w'l dv ' 

If we make use of these equations and (66) in the result obtained by eliminating 
dW'/du from the first of equations (60) and (61), we can reduce it to the form 

where for the sake of brevity we have put 



(63) 



n = *j + (Wjj - »^l)<^l«'2 = '^2 + ("^1 - »»2)^; 



2^X- 



In like manner the elimination of B W"' /dv from the second of equations (60) 
and (61) leads to 



c**) "•(4t-i';^tO["''^'-"'^+K- 


-mJ(<^,F;, 


From (63) we get by differentiation 




f = (— >-(^^^- 




^=K-«.)e-«(.2^- 





Hence il' cannot vanish unless ^^ is a function of c^j. Moreover, it is only in 
this case that the quantities in parentheses in (62) and (64) can vanish simul- 
taneously. Hence the expression in brackets in these two equations must 
vanish, so that 
(65) il'W = (m^ - »7,J(<^, W,w^ - <l>JV,tv^) + n W. 

It is readily shown that this value of W satisfies equations (60) and (61). 
Hence we have the following theorem of permutability : 

If a surface S with isothermal representation of its lines of curvature he 
transformed into tico surfaces 2^ and 2^ of the same kind hy means of trans- 
formations y^j, T„^ respectively, there exists a surface 2' which is the trans- 
form of 2j and 2^ hy transform.ations T'„„, T'^^ respectively ; and this sur- 
face can be obtained viithout quadratures. 

We have seen that the surfaces 2 and 2^ form the envelope of a doubly infi- 
nite family of spheres whose centers lie on a surface 2^ with a conjugate system 
of lines in correspondence with the lines of curvature on 2 . In like manner there 
are surfaces 2^, 2^, 2^, which are the loci of the centers of the spheres envel- 
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oped by the pairs of surfaces S, 2^; 2,, 2'; 2^, 2' respectively. The trans- 
formations which we have been considering can be looked upon as transforming 
the surfaces 2j, 2^, 2j, 2^ into one another; we have consequently for these 
transformations a theorem of permutability. 

We have seen that all the surfaces 2, corresponding to transformations of 
surfaces 2 by means of the same values of the functions m , jt, w have a conju- 
gate system in correspondence with the lines of curvature of the surfaces 2 ; 
and the tangents to the curves of this system at corresponding points of two 
surfaces 2^ are parallel. Hence the congruences formed by joining correspond- 
ing points of two of these surfaces 2j have their developable surfaces in corre- 
spondence with the lines of curvature of the surfaces 2 . We can, therefore, 
look upon the above transformations as transformations of such a congruence 
into another whose developables correspond to the developables of the for- 
mer. Furthermore, there is a theorem of permutability for these congruence 
transformations. 

The function wj whose expression is given by (54) is a solution of the tan- 
gential Laplace equation (44) for S^ . Hence there is a surface 2^ determined 
by this value of TF, . In order to determine the surface 2 of which it is the 
transform by means of m^, 0j, w^, we substitute its value (54) in equation (58) 
and find that 

In like manner it is found that the surface 2 determined by 

W ={m^ — 7»2 ) Wj 

is transformed by means of the functions m^, cj)^, tv^ into the surface 2^ whose 
tangent plane is at the distance w'^ from the origin. 

It is readily found from (48) that the radius of the spheres whose envelope is 
formed of the surfaces 2 and 2^ is given by R^ = m,^^Jv)^^ and for 2 and 2^ 

§ 7. Groups of eight surfaces 2. 

Given a surface 2 and three surfaces 2^, 2^, 2^ transforms of it by trans- 
formations Tj(m', , (^,, wij), T^{w^, <p.^, m^), T^(w^, (^3, Wj). In consequence 
of the theorem of permutability we can find without quadrature surfaces of the 
same kind 2j2, 2^3, 2,,, which are transforms of the respective pairs of surfaces 
(2j, 2^), (2.^, 23), (23, 2|). Thus a surface 2^^. is the transform of 2 by 
the successive application of transformations T., T^ or T^, T\\ consequently 
2., is the same surface as 2... Consider now three surfaces 2., 2., , 2.,, where 

ill, ici I ' ifc ' tl ' 

A; =j= Z 4= i'> the surfaces 2^,^ and 2^.^ are supposed to be obtained from 2^ by 
transformations T^ , T[ respectively. By the theorem of permutability there is 
a fourth surface 2.^^^ which is the transform of 2^.^ by a transformation T"^ and 
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of 1..^ by a transformation T'^. We are now going to show that all the 
surfaces obtained as 2^.^^ and corresponding to a permutation of the subscripts 
i, k, I are one and the same surface. 
For the sake of brevity we put 

Evidently L.^ = L^^ ,{ork^i. 

Denote by (m^, w^i* 4*2i) ^^^ ("*3' ^23' "^23) *-^® functions determining the 
transformations which change 2^ into two surfaces S^j and 2^3 respectively. 
From (54) and (56) it follows that 

X,2 — m^Wj'/'i — 'Vi<^2 . L^^— m^w^4>^~ m^w^4>^ 



(67) 



02 



If we write the linear element of the spherical representation of S^j in the 
form 

it follows from (53) that 

(68) e-.^ = e^-^ Jl = e- A2 - "W J. - -2-^2 . 

We denote by S^,, , or S^^^ , the surface which forms with 2^ , 2^, , 2^3 a 
quatern and write the linear element of its spherical representation in the form 

t^s^is = e-"^-"(du^ + dv"^). 

From (68) and (53) it follows that 

(69) ,-..3=e-.^ = e<'^^, 
where we have put for the sake of brevity 

(70) 



(71) 



(72) 
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From (67) we get by differentiation 

Substituting these values and those from (67) in (70), we get 

+ ( ^3 - m, ) ( mj - TO^ ) (^3^12 - m^ (m^ - ^3 ) h\4>^4>, 
- m, ( m3 - m, ) ^W2<^3^i - m^ (m^-m^) ^w^4>A ' 
2^=(mj — m2)(m, — m3)Wji^23+ ( »«2 " "*3 ) ( "*2 — ^1 ) ^'2 Ai 

Since these expressions are symmetric in the functions, (mj, <^j, Wj), 
(jMj, <^2 5 ^2)' ('''■3' ^^3' ^'3)' it follows from (69) that all the surfaces 2^^,, for 
any permutation of the subscripts i, k, I, have the same representation of their 
lines of curvature. It remains for us to show that the function TF^^, , which 
determines the distance from the origin to the tangent plane to 2^^,, is likewise 
symmetric in the above functions, in order to prove that all of these surfaces 
2^^., coincide. 

As in (63) we put 

,-„. ^21 = A2 - "*l«^A - "^2«'2<Al ' ^21 = -^12 - »^^l"'2 - '^2<^2«'l ' 

(7c5) 

^23 = ^23 - »V^3'^2 - »'2«'2^3 ' ^23 = ^23 " "'3"^3«'2 " »»2<^2^''3 " 

Hence by (65) the functions W^^ and W^ determining the surfaces 2^^ and "2^ 
are given by 

(74) 

T^23";3 = ( »h - ^^2 ) ( 4>, w,w^ - <!>, w,w, ) + a.^ w . 

By analogy we have that IFj,, is such that 

W^213 '^= ( '^S - '"l ) ( <^23 ^23 «'2l " 't>2l ^^21 «'23 ) + ^^^2 ^^' 

which reduces to 

^213 '/>2 -^ = ( "^ - "*2 ) ( »»l - "^3 ) ^K [ ^23 " ^2 "^2 «^3 " »*3 ^^3 ^2 ] 

+ («2 - "*3)('^2 - "^l) ^2[ Al - "'3^3 Wl - »h't>1^3] 

+ (^«3- '"JC"^ - »h) T^3[^12 - ^l<t>lW2 - "»2^2«'l]- 
Trans, Am. Math. Soc. IS 
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Since by (72)^^J is symmetric in the functions {m^, c^^, w,), {m^, (f>^, u-^), 
(m^, 03, Wj) and the right-hand number is evidently of this kind, it is true also 
of IF213. Hence 2^^^ is a transform of S^j in two ways by means of transforma- 
tions involving m.^; and in like manner it is a transform of Sjj and S^j, each in 
two ways, by means of transformations involving the constants m,^ and m^ 
respectively. 

Thus we have groups of eight surfaces, with isothermal representation of their 
lines of curvature, each of which is related to three others by transformations 
involving three different constants, the constants being the same three for each 
member of the group. 

An immediate consequence of this result is the theorem.* 

Given four surfaces 2 , Sj , 2^ , Sj^ forming a quatern ; each of these sur- 
faces can be transformed hy a transformation involving a constant m^ differ- 
ent from m^ and m^ such that the new surf aces form a quatern also. 

§ 8. Surfaces with plane lines of curvature in both systems. 

Surfaces whose lines of curvature in both systems are plane have isothermal 
representation of these lines. For the curves upon the sphere must be circles 
and consequently have constant geodesic curvature. Hence they form an iso- 
thermal system.f Moreover, if the curves in one family of an isothermal system 
have constant geodesic curvature, the same is true of the curves in the other 
family. Hence the surfaces which we are about to consider are the only surfaces 
with isothermal representation with plane lines of curvature. 

An orthogonal system of circles on the sphere is obtained, in the most general 
manner, by intersecting the sphere with two pencils of planes whoses axes are 
polar reciprocal with respect to the sphere. :f There are two cases; 1°, when 
the axes are tangent to the sphere; 2°, when the axes are not tangent. 

1 ° . By taking for axes the two tangents to the sphere at the point ( , , 1 ) , 
which are parallel to the axes Ox, Oy, the coordinates of the sphere can be 
given in the form 

n^\ Y ^^ V ^^ y u^ + v'~ l 

I'W ^-^2 + ^,2^1' -'-u' + v'-^i' ^-M^ + t,2 + i' 

from which we get for the linear element 

,,2 i(du''-^dv^) 
(76) ds'^ = , ; , „ ., -2 • 

^ ^ (w. + u^ -f- 1)^ 

2°. If the axes are parallel to the axes Ox, Oy, and meet the axis Os in the 

*BiANCHi (loc. cit., p. 127) has established a similar theorem for the transformations Dm. 
\ BIANCHI, Lezioni, I, p. 210 ; German translation, p. 177. 
X Ibid. I, p. 108 ; German translation, p. 81. 
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points (0, 0, 'i-/a), (0, 0, a), the coordinates of the sphere are expressible thus 



v'l — a^ sin M i/l — a^sinhv cosM + acosht; 

^ ' ^ ~ cosh V + a cos u ' cosh v + a cos u ' cosh v + a cos m ' 

and the linear element is given by 

(78) _^^,._(l-»-)«?»-+jO^ 
^ ^ ( cosh ■?; + « cos u y 

From (76) and (78) it is seen that in either case e* is the sum of functions of 
u and V alone, so that equation (41) reduces to 

dudv 
Consequently the most general solution of equation (9) is 

(79) TF=(Z7+F)e-«, 

where U and V are arbitrary functions of u and v alone. 

We denote by Z7, and Vi the values of these functions which give a function 
w determining a Thybaut transformation ; thus 

(80) w={U, + V,)e-'. 
We consider the first case (75). Now 

M^ + W^ + 1 

(81) e^= ^^ ^ , 
and equations (A) reduce to 

If these values be substituted in equations (5) and ( C), it is found that 

»/2 _L „2 1 1 

,„<^ = .^L__J^ „,(f7; _ FJ - {uU; + vV[) + {U, + FJ, 

and 

(82) U'^ = a cosh Vim. ii , Fj = ± a cos V'2mv , 

where a is an arbitrary constant. 
When, in the second case, 

( cosh V + a cos u ) 
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equations (A) reduce to 



Bu - ^i^\^i^ '1' ^j_ 



a 



d d) sinh v 



Proceeding as in the former case we find that we must consider separately the 



ease where m = \. 



2m(f> = [(cosh V + a cos w ) ( C\ — Fj ) + 2 ( a sin m t^^' — sinh vV[) 



When m 4= J, we get 

+ a cos w ) ( C\ — Fj 

+ ( C/j + F, ) ( cosh V — a cos m ) ] , 
and 

(84) C/j = aeosh(i/2m — 1m), Fj = db acos (v'2to — 1«). 

For the particular case m = ^ we find 

2 . , . , (n + v) 

d> = 4ae* + ,- ( a sin « U', — sinh w F,") H = ^- ( cosh w — cos u) 

and 

(85) U^ = aw^ + a^u + a^, V^ = av^ + b^v + b^, 

where the constants of integration must satisfy the relation 

(86) al + bl = 4a{a^ + b^) 

in order that equation (C) be satisfied. 

When these values of <^ and w are substituted in (45) and W is replaced by 
its expression (79), the function TFj determining the transform 2j of the given 
surface 2 is given by quadratures. We can thus find all the transforms of sur- 
faces with plane lines of curvature in both systems and from the theorem of 
permutability it follows that all the transformations of these new surfaces are 
given without quadrature. 

We inquire now whether any of these transforms 2j have plane lines of cur- 
vature in both systems. From (27) and (80) it follows that the linear element 
of the spherical representation of the surfaces 2^ is 

(87) ds'' = ^-^^^^2^- ( du' + dv' ) . 

Hence the necessary and sufficient condition that the lines of curvature be plane 
in both systems is that 
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One finds that for both cases (81) and (83) this equation reduces to if) U^ F,' = . 

Hence either U^ or V^ is a constant. 

Let C/j be a constant. This is not possible for the cases (82) and (84). 

However, it is possible for (85) by taking a = a^ = 0; it follows from (86) that 

6j = also. Hence Fj is a constant. Without loss of generality we can 

take C/, + Fj = 1. Now 

cosh V — a cos u 
(88) 4> = J^===-l • 

Then the linear element (87) becomes 

(89) i,-;.^'^ p'-'"'+%\ 

^ ' ' (coshu — acos m)'' 

and by means of (25) it is found that 



l/l — a^ sin w i/l — a^ sinh v cos m — a cosh v 

^ ' ~ cosh V — a cos u ' "~ cosh v — a cos u ' cosh v — a cos u' 

Equations (45) reduce in the present case to 

li<t>w,) = - U', |,(</.Tr.) = F, 

of which the integral is 

^W,= -(U-V) + 2c„ 

where c^ is a constant. The expression (48) for the radius S of the sphere tan- 
gent to S and Sj becomes 

H = — :- T— T-^ [a(sinM • U'—cosu ■ CT")— sinhv • F'+coshu • F+Cj (coshw + acosw] . 

The functions A and B defined by (49') have now the forms 

A = {U" + U- c,)e-\ B = {V"-V- c,)e-«. 
From (49) it follows that the coordinates of the center of the sphere are 

^ = f {U" + U — c^) cos udu, T] = J {V" — V— Cj)coshuc7w, 

f = :,_^-r- i — [U" +U— c,) sin udu + a{V" — V— cj sinhuJr. 

yl — a^J 

Hence the locus of the centers of the spheres is a surface of translation whose 
generating curves lie in planes parallel to the coordinate planes | = , ^ = . 
Moreover, the most general surfaces of translation of this kind can be defined 
by equations of the above form. By repeating the steps in inverse order we 
can establish the theorem : Given a surface of translation generated hy the 
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motion of a plane curve when a point of the latter describes a second plane 
curve whose plane is p)erpendicular to the plane of the former ; it is the locus 
of the centers of a family of spheres which envelope two surfaces with plane 
lines of curvature in both families. 

When a = in (77), the curves u = const, on the sphere are great circles 
with a common diameter and the curves v = const, are their parallels. From 
(89) and (90) it is seen that the same curves serve for the representation of 2 
and 2j, the correspondence being given by 

X' = - X, F'= r, z' — z. 

Now the surface 2 is a cylinder whose generators u = const, are parallel to the 
y-axis. Moreover, the spheres whose centers lie on a generator have the same 
radius. 

Keturning to the general case, a =^ , we get from equations '(^A) and (88) 



VI -a' 

w = 



cosh V + a cos u ' 

The coordinates of the surface 2^ whose tangent plane is at the distance w from 
the origin are 



sin u cosh v — a cos u sinh v i/l — a^ cos u cosh v 

^ ' coshw + acosw' cosh u + a cos m ' cosh w + a cos m 

We find that the fundamental functions for this surface have the values 

cosh^ « , , <j? cos^ M 



E,F,G = 



( cosh V -\- a cos u f 



— v'l — (£- cosh « , , i/l — d^ -a cos u 
' ' ( cosh V -\- a cos u f 

From these expressions it is seen that the centers of curvatures of the surface 
are defined by 

^ cosh V ^^ ^ « cos M 

x, = t , X, x, = t-\ — ~--^=^-- X , 

' ^ -l/l-a' ' ^ i/l-a' 

and similar expressions for the y and z. 

Replacing the various terms in the right-hand members by their values from 
(77) and (91), we get 

X, = , w, = — sinh v, a, = ^^^--_- cosh v , 

cos u 

^^ = ^' ^^ = vi^7- 
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Hence when a ={= the surface of centers consists of the two focal conies 

x^ = 0, (1 — a'^)z^^ — a^yl = 1, 

y, = 0, xl + {l-a')zl = l. 

And when a = the surface of centers reduces to the y-axis and the circle 

2/^=0, xl + zl=l. 

From this it follows that the surfaces 1.^ are the cyclides of Dupin. 

§ 9. Surfaces 2 with spherical lines of curvature in one system. 

Enneper * has shown that the necessary and sufficient condition that the lines 
of curvature v = const, be spherical is that the following relation obtain 

V E = B cos cr \- JSsma- -^L-^ . , 

where p^ and p.^ are the principal radii of curvature, It the radius of the sphere 
and <T the angle under which the latter cuts the surface ; both i? and a are 
functions of v alone. For the surfaces S 

VE=-p^e-\ VG = p^-e-', 
so that the above equation becomes 

(92) VE=ae~^ + ^l^, 

where a and /3 are functions of v alone. 

We consider first the case where 2 is a minimal surface ; now (92) becomes 

ov 

If this be differented with respect to m , we get 

d d'' 

e-* = 8 e* . 

du dudv 

Eliminating /3 from this equation and its derivative with respect to m, we get 

^ ' du d'ljfdv du'^ dudv \du J dv 

This equation is satisfied by solutions of the equation 

d^ 

e'' = 0, 



dudv 



^Gottinger Naohricbten, 1868, p. 421 ; Bianchi, Lezioni, II, p. 304. 
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that is, when the lines of curvature in both systems are plane. Excluding this 
case, every common solution of equations (3) and (93) determines a minimal 
surface whose Ijnes of curvature v = const, are spherical. Dobriner * showed 
that there are minimal surfaces of this kind and found the expressions for their 
coordinates in the Weierstrass form ; they involve ??-functions. 

In a similar manner it can be shown that when ^ is a solution of equation (3) 
and of 

^ ' dv du dv^ dv^ du dv du\dv J ' 

the lines of curvature u = const, on the corresponding minimal surface are 
spherical. 

In order to consider the case where 2 is not a minimal surface we remark 
that the functions JE and G are determined by the equations 

1 dVB dd 1 dy'G de 

y'~Q dv ~ dv ' -y/^ du ~ du ' 

If the expression (92) for £J be substituted in the first of these equations, we get 

(95) ^^=(«'«-'' + ^^)(a^) +^--e-\ 

where the accents denote differentiation with respect to v. Substituting this 
value in the second of the above equations, we get 

^ ' \dudv du dv J \_dv dudv^ dudv dv^ du\duj \ 

Comparing this equation with (94) we see that if the lines of curvature 
u = const, on the minimal surface S are spherical, the lines of curvature 

V = const, are spherical on the surfaces with the same representation as 8 and 
for which £J and G are given by 

d0 ,— d^0/d0\-^ 

(97) VU = .e-^ + ^^, x/G = /3'- «.- + ^^ (-^^^) 

where now a is any constant and /8 any function whatever of v . When in par- 
ticular a = , it follows from (92) that the spheres upon which the curves 

V = const, lie cut the surface orthogonally ; and for any other value of a the 
projection of the radius of the sphere upon the tangent plane is constant. 

If equation (96) be differentiated with respect to u and a and ;S be eliminated 

*DieMinimalfldchenmU einem System sphcirischer Krummungslinien, Acta Mathematioa, vol. 
10 (1887), pp. 145-152. 
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we get the equation of condition 

_J d'^e dO d0\ d0 d^e d'0 d^d dd/d0\^ 

\ du dv du do ) ' dv ~du dv^ du dv dv^ du\dv J 

^\ ^J ^^^ dddOV] dVdOd^e d^0 d^0 d0/d0\n 

3m[_ y^udv dudvjy du\_ dvdudv^ dudvdv^ du\dv ) \ 



(98) 



= 0, 



Given a solution of this equation which is also a solution of equation (3), 
there is an infinity of surfaces 2 with the given spherical representation of their 
lines of curvature and for which the curves v = const, are spherical. The fun- 
damental functions are given by (97) in which a is an arbitrary function of v 
and /3 is determined by (96). 

In particular, if ^ be a solution of (93) it satisfies (98) ; that is, when the 
curves v = const, are spherical on a minimal surface there are an infinity of 
surfaces S with the same spherical representation for which the curves v = const, 
are spherical. 

From (92) it follows that the coordinates |, r], ^ of a point on one of the sur- 
faces S with spherical lines of curvature v = const, are given by quadratures of 
the form 

du 
hence 
(99) ^=aX+0X, + V„ v = o^r+^r,+ V„ ^=.aZ+^Z,+ V,, 

where V^, V^, V^ are functions of v alone. But from (95) we have 

/ 3^0 

^= 30 + ^'---M^r 

\ dv 

Substituting the above value of |, we get 



■ ( d0\ d 



«V'' + ^_ 



(100) F;=/3J|x. + 1^X,-{a+^e-^)X. 

du 



It is readily verified that the expression on the right is a function of v alone. 
Hence the functions F,, T^, T^, and consequently the surfaces S, can be found 
by quadratures. 

Peinceton, June, 1906. 



